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Let (R,m) be a Noetherian local ring and M a ﬁnitely generated
R-module. Let i 0 be an integer. Consider the following property
for the Artinian local cohomology module Him(M)
AnnR (0 :Him(M) p) = p for all p ∈ Var
(
AnnR
(
Him(M)
))
. (∗)
In this paper, we study the property (∗) of Him(M) in order
to investigate the universal catenaricity of the ring R/AnnR M
and the unmixedness of the ring R/p for certain p in SuppM .
We also characterize the property (∗) for Him(M) and obtain the
associativity formulae for multiplicity of Him(M) in case where
Him(M) satisﬁes the property (∗).
© 2008 Elsevier Inc. All rights reserved.
1. Introduction
Throughout this paper, let (R,m) be a Noetherian local ring, A an Artinian R-module, and M a
ﬁnitely generated R-module. For each ideal I of R , we denote by Var(I) the set of all prime ideals
containing I . For a subset T of Spec(R), we denote by min(T ) the set of all minimal elements of T
under the inclusion.
It is clear that AnnR(M/pM) = p for all p ∈ Var(AnnR M). Therefore it is natural to ask the dual
property for Artinian modules:
AnnR(0 :A p) = p for all p ∈ Var(AnnR A). (∗)
✩ This paper is the result of the Scientiﬁc Research Project at Ministrial level in Mathematics.
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is satisﬁed for all Artinian R-modules. However, there are Artinian modules which do not satisfy
this property. For example, by [CN, Example 4.4], the Artinian R-module H1m(R) does not satisfy the
property (∗), where R is the Noetherian local domain of dimension 2 constructed by M. Ferrand
and D. Raynaud [FR] (see also [Na, App. Ex. 2]) such that its m-adic completion Rˆ has an associated
prime q of dimension 1.
Assume that dim(M) = d. Cuong, Dung and the ﬁrst author [CDN] deﬁned the unmixed support
of M , denoted by UsuppR M , to be the set SuppR(M/UM(0)), where UM(0) is the largest submodule
of M of dimension less than d. Note that
UsuppR M = Var
(
AnnR
(
Hdm(M)
))= ⋃
p∈AssR (M)
dim(R/p)=d
Var(p).
An interesting result given in [CDN] says that the property (∗) is satisﬁed for the top local co-
homology module Hdm(M) if and only if the unmixed support UsuppR M is catenary, i.e. the ring
R/AnnR(M/UM(0)) is catenary. This gives an example of Artinian modules over non-catenary do-
mains which do not satisfy the property (∗). Note that, even R is catenary, the property (∗) is not
necessarily satisﬁed for local cohomology module Him(M) of lower level i < d. This suggests us to
study the property (∗) for Him(M) for i = 1, . . . ,d − 1.
The purpose of this paper is to provide, for each integer i, a necessary and suﬃcient condition
for Him(M) to satisfy the property (∗) in order to get the closedness of the ith pseudo-support
PsuppiR M of M deﬁned by Brodmann and Sharp in [BS1] and the associativity formulae for the mul-
tiplicity of Him(M) under the assumption that H
i
m(M) satisﬁes the property (∗). This extends the
main result of [BS1], where Brodmann and Sharp have proved that if R is universally catenary and all
its formal ﬁbres are Cohen–Macaulay then PsuppiR M is closed and the associativity formulae for the
multiplicity of Him(M) is valid for all i. By studying the property (∗) for local cohomology modules
Him(M), we obtain a result on the universal catenaricity of the ring R/AnnR M and the unmixedness
of the rings R/p for certain prime ideals p ∈ SuppR M .
This paper is divided into 4 sections. In the next section, we present some preliminaries on Ar-
tinian modules which are often used in the sequel. In Section 3, we characterize the property (∗)
for Him(M) and give its corollaries. In the last section, we study the universal catenaricity and the
unmixedness of certain rings via the property (∗) of Him(M).
2. Preliminaries on Artinian modules
Following I.G. Macdonald [Mac], every Artinian R-module A has a minimal secondary representa-
tion A = A1 + · · · + An , where Ai is pi-secondary. The set {p1, . . . ,pn} is independent of the choice of
the minimal secondary representation of A. This set is called the set of attached prime ideals of A, and
denoted by AttR A. Note that if 0 → A′ → A → A′′ → 0 is an exact sequence of Artinian R-modules
then AttR A′′ ⊆ AttR A ⊆ AttR A′ ∪ AttR A′′ .
Lemma 2.1. (See [Mac].) The set of all minimal elements of AttR A is exactly the set of all minimal elements of
Var(AnnR A).
Note that A has a natural structure as an Rˆ-module. With this structure, a subset of A is an
R-submodule if and only if it is an Rˆ-submodule of A. Therefore A is an Artinian Rˆ-module.
Lemma 2.2. (See [BS, 8.2.4 and 8.2.5].) AttR A = {pˆ∩ R: pˆ ∈ AttRˆ A}.
R.N. Roberts [R] introduced the concept of Krull dimension for Artinian modules. D. Kirby [K]
changed the terminology of Roberts and referred to Noetherian dimension to avoid confusion with
Krull dimension deﬁned for ﬁnitely generated modules. The Noetherian dimension of A is denoted
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good properties of Noetherian dimension for Artinian modules which are in some sense dual to that
of Krull dimension for Noetherian modules, cf. [R,K].
Lemma 2.3. Let q be an ideal of R such that (0 :A q) < ∞. Then (0 :A qn) is a polynomial for n 
 0, and
N-dimR(A) = deg
(

(
0 :A qn
))= inf{t: ∃x1, . . . , xt ∈m: (0 :A (x1, . . . , xt)R)< ∞}.
Assume that N-dimR(A) = t . Let at be the leading coeﬃcient of the polynomial (0 :A qn) for n 
 0.
Following Brodmann and Sharp [BS1], the multiplicity of A with respect to q, denoted by e′(q, A), is
deﬁned by the formula e′(q, A) := att!.
Lemma 2.4. (See [CN].) N-dimR(A) dim(R/AnnR A), and the equality holds if A satisﬁes the property (∗).
Furthermore, we have
N-dimR(A) = N-dimRˆ(A) = dim(Rˆ/AnnRˆ A)
=max{dim(Rˆ/pˆ): pˆ ∈ AttRˆ(A)}.
3. The property (∗) and the multiplicity of Him(M)
In this section, assume that M is a ﬁnitely generated R-module with dimM = d. Let i  0 be an
integer. Following Brodmann and Sharp [BS1], the set
{
p ∈ Spec(R): Hi−dim(R/p)pRp (Mp) = 0
}
is called the ith pseudo-support of M and denoted by PsuppiR M . The ith pseudo-dimension of M , de-
noted by psdi(M), is deﬁned by
psdi(M) = sup{dim R/p: p ∈ PsuppiR M}.
Brodmann and Sharp [BS1, Theorem 2.4] proved that if R is universally catenary and all whose formal
ﬁbres are Cohen–Macaulay then PsuppiR M is a closed subset of Spec(R) (with respect to Zariski topol-
ogy) and the following associativity formulae of multiplicity e′(q, Him(M)) of Him(M) with respect to q
is valid for every m-primary ideal q of R
e′
(
q, Him(M)
)= ∑
p∈PsuppiR (M)
dim(R/p)=psdi(M)
Rp
(
Hi−dim(R/p)pRp (Mp)
)
e(q, R/p).
In this section we give a characterization for the local cohomology module Him(M) satisfying the
property (∗). As a consequence, we extend the above mentioned result of Brodmann and Sharp [BS1]
to the case where Him(M) satisﬁes the property (∗).
Theorem 3.1. Let i  0 be an integer. Then the following statements are equivalent:
(i) The property (∗) is satisﬁed for Him(M).
(ii) Var(AnnR(Him(M))) = PsuppiR M.
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{
p ∈ PsuppiR M: dim(R/p) = psdi M
}= {pˆ∩ R: pˆ ∈ Psuppi
Rˆ
Mˆ,dim(Rˆ/pˆ) = psdi Mˆ}.
Proof. Let i  0 be an integer.
(i) ⇒ (ii). Assume that Him(M) satisﬁes the property (∗). Let p ∈ PsuppiR M . Then Hi−dim(R/p)pRp (Mp) =
0. Therefore there exists an attached prime qRp ∈ AttRp(Hi−dim(R/p)pRp (Mp)) for some prime ideal q⊆ p.
It follows by [BS, 11.3.8] that q ∈ AttR(Him(M)). Therefore we get p ⊇ q ⊇ AnnR(Him(M)). Hence
PsuppiR M ⊆ Var(AnnR(Him(M))).
Let p ∈ Var(AnnR(Him(M))). Then AnnR(0 :Him(M) p) = p since Him(M) satisﬁes the property (∗).
It follows that minVar(AnnR(0 :Him(M) p)) = {p}. Let q ⊇ AnnR(0 :Him(M) p). Then q ⊇ p. Since Him(M)
satisﬁes the property (∗), we have
AnnR(0 :0:
Him(M)
p q) = AnnR(0 :Him(M) q) = q.
Therefore 0 :Him(M) p satisﬁes the property (∗). So, we get by Lemma 2.4 that
dim(R/p) = dim(R/AnnR(0 :Him(M) p)
)
= N-dimR(0 :Him(M) p)
= dim(Rˆ/AnnRˆ(0 :Him(M) p)
)
=max{dim(Rˆ/pˆ): pˆ ∈ AttRˆ(0 :Him(M) p)
}
.
Therefore there exists pˆ ∈ AttRˆ(0 :Him(M) p) such that dim(Rˆ/pˆ) = dim(R/p). Note that pˆ ∈
Var(AnnRˆ(H
i
m(M))) and pˆ ∩ R ⊇ p. Since dim(Rˆ/pˆ) = dim(R/p), it follows that pˆ is a minimal prime
ideal of pRˆ . Since Him(M) ∼= HimRˆ(Mˆ) as Rˆ-modules, we can check that
Psuppi
Rˆ
Mˆ = Var(AnnRˆ(Him(M))).
Hence pˆ ∈ Psuppi
Rˆ
Mˆ , i.e. Hi−dim(Rˆ/pˆ)
pˆRˆpˆ
(Mˆpˆ) = 0. Since pˆ is a minimal prime ideal of pRˆ and dim(Rˆ/pˆ) =
dim(R/p), we have by Flat Base Change Theorem (cf. [BS, 4.3.2]) that
Hi−dim(R/p)pRp (Mp) ⊗ Rˆpˆ ∼= H
i−dim(Rˆ/pˆ)
pRˆpˆ
(Mp ⊗ Rˆpˆ) ∼= Hi−dim(Rˆ/pˆ)pˆRˆpˆ (Mˆpˆ) = 0.
Hence Hi−dim(R/p)pRp (Mp) = 0, i.e. p ∈ PsuppiR M . Thus Var(AnnR(Him(M))) ⊆ PsuppiR M .
(ii) ⇒ (i). Assume that Var(AnnR(Him(M))) = PsuppiR M . Let p⊇ AnnR(Him(M)). Then p ∈ PsuppiR M ,
i.e. Hi−dim(R/p)pRp (Mp) = 0. Since dim(R/p) = dim(Rˆ/pRˆ), there exists an ideal pˆ ∈ Ass(Rˆ/pRˆ) such that
dim(Rˆ/pˆ) = dim(R/p). Then pˆ ∩ R = p and pˆ is a minimal prime ideal of pRˆ . Note that the induced
map Rp → Rˆpˆ is faithfully ﬂat. Therefore we get by the Flat Base Change Theorem that
Hi−dim(Rˆ/pˆ)
pˆRˆ
(Mˆpˆ) ∼= Hi−dim(R/p)pRp (Mp) ⊗ Rˆpˆ = 0.
pˆ
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Rˆ
(Mˆ) = Var(AnnRˆ(Him(M))). Note that Him(M) considering as an Artinian Rˆ-module
satisﬁes the property (∗). Therefore AnnRˆ(0 :Him(M) pˆ) = pˆ. So we have
p⊆ AnnR(0 :Him(M) p) ⊆ AnnRˆ(0 :Him(M) pˆ) ∩ R = pˆ∩ R = p.
Hence AnnR(0 :Him(M) p) = p. Thus Him(M) satisﬁes the property (∗).
Finally, assume that the conditions (i) and (ii) are satisﬁed. Then we have by (ii) that psdi M =
dim(R/AnnR Him(M)). Therefore by Lemma 2.4 we have
psdi(M) = N-dimR
(
Him(M)
)= dim(Rˆ/AnnRˆ(Him(M)))= psdi(Mˆ).
Now, set N-dimR(Him(M)) = s. Let p ∈ PsuppiR M such that dim(R/p) = s. Then we have p ∈
Var(AnnR(Him(M))) by (ii). By the same arguments as in the proof of (i) ⇒ (ii), there exists pˆ ∈
Var(AnnRˆ(H
i
m(M))) = PsuppiRˆ(Mˆ) such that pˆ∩ R = p and dim(Rˆ/pˆ) = dim(R/p) = s.
Conversely, let pˆ ∈ Psuppi
Rˆ
(Mˆ) such that dim(Rˆ/pˆ) = s. Then pˆ ∈ Var(AnnRˆ(Him(M))). Set p= pˆ∩ R .
Then p ∈ Var(AnnR(Him(M))) = PsuppiR M by (ii). Moreover,
s = dim(Rˆ/pˆ) dim(Rˆ/pRˆ) = dim(R/p) s.
Hence dim(R/p) = s. 
Corollary 3.2. If the ring R/AnnR M is universally catenary and all whose formal ﬁbres are Cohen–Macaulay
then Him(M) satisﬁes the property (∗) for all i  d.
Proof. As the ring R/AnnR M is universally catenary and all its formal ﬁbres are Cohen–Macaulay,
we get by [BS1, Proposition 2.5] that Var(AnnR(Him(M))) = Psuppi M for all i  d. By Theorem 3.1,
(ii) ⇒ (i), Him(M) satisﬁes the property (∗) for all i  d. 
In [BS1], Brodmann and Sharp proved that if R is universally catenary and all its formal ﬁbres
are Cohen–Macaulay then all pseudo-supports of M are closed. Then they established an associativity
formulae for multiplicity of Him(M) under this assumption. Using Theorem 3.1 together with the
similar arguments as in the proof of Theorem 2.4 of [BS1], we can extend their result as follows.
Corollary 3.3. Let i  0 be an integer. Let N-dimR(Him(M)) = s. For each p ∈ PsuppiR M, set T (p) = {pˆ ∈
Psuppi
Rˆ
(Mˆ): dim(Rˆ/pˆ) = dim(R/p), pˆ ∩ R = p}. Assume that Him(M) satisﬁes the property (∗). Then the
following statements are true.
(i) PsuppiR M is a closed.
(ii) If p ∈ PsuppiR M with dim(R/p) = s then T (p) = ∅, Rp(Hi−dim(R/p)pRp (Mp)) is non-zero and ﬁnite, and
Rˆpˆ
(Hi−dim(Rˆ/pˆ)
pˆRˆpˆ
(Mˆpˆ)) = Rp(Hi−dim(R/p)pRp (Mp))Rˆpˆ (Rˆpˆ/pRˆpˆ) for any pˆ ∈ T (p).
(iii) Let q be an m-primary ideal of R. Suppose that Him(M) = 0. Then the multiplicity e′(q, Him(M))
of Him(M) with respect to q satisﬁes
e′
(
q, Him(M)
)= ∑
p∈PsuppiR (M)
dim(R/p)=psdi(M)
Rp
(
Hi−dim(R/p)pRp (Mp)
)
e(q, R/p).
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same arguments as in the proof of [BS1, Theorem 2.4(i)].
(iii) By Theorem 3.1,
⋃ p∈PsuppiR M
dim(R/p)=s T (p) = {pˆ ∈ PsuppiRˆ(Mˆ): dim(Rˆ/pˆ) = s}. Moreover, if p ∈
PsuppiR M with dim(R/p) = s then T (p) = {pˆ ∈ Ass(Rˆ/pRˆ): dim(Rˆ/pˆ) = s}. So, we get by the asser-
tion (ii) and by [BS1, Theorem 2.4(iii)], [Mat, Theorem 14.7] that
e′
(
q, Him(M)
)= e′(qRˆ, Himˆ(Mˆ))=
∑
pˆ∈Psuppi(Mˆ)
dim(Rˆ/pˆ)=s
Rˆpˆ
(
Hi−dim(Rˆ/pˆ)
pˆRˆpˆ
(Mˆpˆ)
)
e(qRˆ, Rˆ/pˆ)
=
∑
p∈PsuppiR (M)
dim(R/p)=s
(
Rp
(
Hi−dim R/ppRp (Mp)
) ∑
pˆ∈T (p)
Rˆpˆ
(Rˆpˆ/pRˆpˆ)e(qRˆ, Rˆ/pˆ)
)
=
∑
p∈PsuppiR (M)
dim(R/p)=s
(
Rp
(
Hi−dim R/ppRp (Mp)
) ∑
pˆ∈Ass(Rˆ/pRˆ)
dim(Rˆ/pˆ)=s
Rˆpˆ
(Rˆpˆ/pRˆpˆ)e(qRˆ, Rˆ/pˆ)
)
=
∑
p∈Psuppi(M)
dim(R/p)=s
Rp
(
Hi−dim(R/p)pRp (Mp)
)
e(qRˆ, Rˆ/pRˆ)
=
∑
p∈Psuppi(M)
dim(R/p)=s
Rp
(
Hi−dim(R/p)pRp (Mp)
)
e(q, R/p). 
Recently, Cuong, Dung and the ﬁrst author [CDN] have discovered a characterization of the prop-
erty (∗) for the top local cohomology module Hdm(M) via the catenaricity of the unmixed sup-
port UsuppM of M . Together with that of [CDN], our next consequence of Theorem 3.1 is stated
as follows.
Corollary 3.4. Let q be an m-primary ideal of R. The following statements are equivalent:
(i) PsuppdR M is closed.
(ii) UsuppM is catenary, i.e. the ring R/AnnR(Hdm(M)) is catenary.
(iii) Hdm(M) satisﬁes the property (∗).
(iv) Var(Ann(Hdm(M))) = PsuppdR M.
Furthermore, if these conditions are satisﬁed then UsuppM = Psuppd M and
e′
(
q, Hdm(M)
)= ∑
p∈PsuppdR (M)
dim(R/p)=d
Rp
(
H0pRp(Mp)
)
e(q, R/p).
Proof. It is enough to prove (i) ⇒ (ii). Assume that R/AnnR(Hdm(M)) is not catenary. As
R/AnnR(Hdm(M)) is equidimensional of dimension d, there exists by McAdam and Ratliff [MR] a prime
ideal p⊇ AnnR(Hdm(M)) such that
dim(R/p) + ht(p/AnnR(Hdm(M)))< d.
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such that AnnR M ⊆ q⊆ p and dim(R/p) + ht(p/q) = d. Hence dim(R/q) = d, and hence q ∈ AssM . So
q ∈ AttR(Hdm(M)). Therefore q⊇ AnnR(Hdm(M)). It follows that
dim(R/p) + ht(p/AnnR(Hdm(M)))= d,
a contradiction, the claim is proved. Since dim(Mp) < d − dim(R/p) by the claim, it follows that
Hd−dim(R/p)pRp (Mp) = 0, i.e. p /∈ PsuppdR M . Let p1 ∈ minVar(AnnR(Hdm(M))) such that p1 ⊆ p. Then p1 ∈
AttR(Hdm(M)) and hence p1 ∈ AssM and dim(R/p1) = d. Therefore Hd−dim(R/p1)p1Rp1 (Mp1 ) = 0, i.e. p1 ∈
PsuppdR M . So, Psupp
d
R M is not closed, a contradiction. 
Remark. By Theorem 3.1, if Him(M) satisﬁes the property (∗) then Psuppi M is closed. The converse is
true when i = d by Corollary 3.4, but it is not true when i < d. For example, let R be the Noetherian
local domain of dimension 2 constructed by Ferrand and Raynaud [FR] such that dim(Rˆ/qˆ) = 1 for
some qˆ ∈ Ass Rˆ . Then Psupp0 R = ∅, Psupp1 R = {m}, Psupp2 R = Spec R , they are all closed, but H1m(R)
does not satisfy the property (∗).
4. The universal catenaricity and unmixedness
Assume that M is a ﬁnitely generated R-module with dim(M) = d. Recall that M is equidimen-
sional if dim(R/p) = d for all p ∈ min(AssM). Following M. Nagata [Na], we say that M is unmixed if
dim(Rˆ/pˆ) = d for all prime ideals pˆ ∈ Ass Mˆ , and M is quasi unmixed if Mˆ is equidimensional.
In this section, we examine the property (∗) for the local cohomology modules Him(M) of levels
i < d in order to get some results on the universal catenaricity and unmixedness of certain local rings.
Theorem4.1. Assume that Him(M) satisﬁes the property (∗) for all i < d. Then R/p is unmixed for all p ∈ AssM
and the ring R/AnnR M is universally catenary.
Proof. Let p ∈ AssM . Assume that R/p is not unmixed, i.e. dim(Rˆ/pˆ) = k < dim(R/p) for some pˆ ∈
Ass(Rˆ/pRˆ). It is clear that k < d. We have by [Mat, Theorem 23.2(ii)] that
Ass Mˆ =
⋃
q∈AssM
Ass(Rˆ/qRˆ).
Therefore pˆ ∈ Ass Mˆ . Since dim(Rˆ/pˆ) = k, we get pˆ ∈ AttRˆ(Hkm(M)) by [BS, Corollary 11.3.3]. Therefore,
we have by Lemma 2.4 that
N-dimR
(
Hkm(M)
)= dim(Rˆ/AnnRˆ(Hkm(M))) dim(Rˆ/pˆ) = k.
Note that N-dimR(Hkm(M))  k by [CN, 3.2]. Therefore N-dimR(Hkm(M)) = k. By Lemma 2.3, there
exist a sequence x1, . . . , xk of elements in m such that 0 :Hkm(M) (x1, . . . , xk)R is of ﬁnite length. Let
I = (x1, . . . , xk)R . Since k < dim(R/p), it follows that
ht
(
(I + p)/p) k < dim(R/p).
Therefore there exists a prime ideal q containing I + p such that q = m. It follows that
AnnR(0 :Hkm(M) q) is m-primary, so AnnR(0 :Hkm(M) q) = q. Since pˆ ∈ Ass(Rˆ/pRˆ), we have pˆ ∩ R = p
by [Mat, Theorem 23.2(i)]. Since pˆ ∈ AttRˆ(Hkm(M)), it follows by Lemma 2.2 that p ∈ AttR(Hkm(M)).
Therefore q ⊇ p ⊇ AnnR(Hkm(M)). Hence Hkm(M) does not satisfy the property (∗), a contradiction.
Thus R/p is unmixed for all p ∈ AssM .
310 L.T. Nhan, T.N. An / Journal of Algebra 321 (2009) 303–311To show that R/AnnR M is universally catenary, we need to show that R/p is quasi unmixed for all
prime ideal p of R containing AnnR M (cf. [Mat, Theorem 31.7(1) ⇔ (2)]). Now let p ∈ Var(AnnR M).
Then there exists q ∈ min(AssM) such that q ⊆ p. We have by the above assertion that R/q is un-
mixed. Since R/p is equidimensional, it follows by [Mat, Theorem 31.6(ii)] that R/p ∼= (R/q)/(p/q) is
quasi unmixed. 
Corollary 4.2. Assume that Him(M) satisﬁes the property (∗) for all i < d. Then Hdm(M) also satisﬁes the
property (∗).
Proof. Note that the ring R/AnnR(Hdm(M)) is a quotient ring of R/AnnR M . Since H
i
m(M) satisﬁes
the property (∗) for all i < d, the ring R/AnnR M is universally catenary by Theorem 4.1. Therefore
R/AnnR(Hdm(M)) is catenary, i.e. the unmixed support UsuppM of M is catenary. Thus H
d
m(M) satis-
ﬁes the property (∗) by [CDN]. 
By Corollary 3.2, if R is universally catenary and all its formal ﬁbres are Cohen–Macaulay then
Him(M) satisﬁes the property (∗) for all i. However, this is not true if one of the above hypotheses is
dropped.
Example 4.3. There exists a Noetherian local ring (R,m) such that Him(R) does not satisfy the prop-
erty (∗) for some i < dim R and such that either R is universally catenary or all formal ﬁbres of R are
Cohen–Macaulay.
Proof. Let (R,m) be a universally catenary Noetherian local domain of dimension d  3 such that Rˆ
has an embedded prime (such domains exist, cf. [BS1, Example 3.1]). By Theorem 4.1, Him(R) does not
satisfy the property (∗) for some i < dim R , and R has a non-Cohen–Macaulay formal ﬁbre. Let (R,m)
be a catenary Noetherian local domain such that all its formal ﬁbres are Cohen–Macaulay, but it is
not universally catenary (such domains exist, cf. [Hut, Example 28]). Then, by Theorem 4.1, Him(R)
does not satisfy the property (∗) for some i < dim R . Note that in these cases, Hdim Rm (R) satisﬁes the
property (∗). 
In [Na1], M. Nagata asked the following question: Let (R,m) be a Noetherian local domain and p ∈
Spec R . Assume that R is unmixed. Is R/p unmixed again? Brodmann and Rotthaus [BR] constructed a
Noetherian local domain (R,m) of dimension 3 such that Rˆ is a domain and Rˆ/pRˆ has an embedded
prime for some p ∈ Spec R . This gives a negative answer to the question of Nagata. With this domain,
we can check that H2m(R) does not satisﬁes the property (∗). Therefore the converse of Theorem 4.1
is not true.
The following result gives a criterion for the unmixedness of the rings R/p for certain prime ideals
p ∈ SuppM .
Theorem 4.4. Assume that M is unmixed of dimension d and Him(M) satisﬁes the property (∗) for all i < d.
Then R/p is unmixed for all p ∈ SuppM with dim(R/p) d − 1.
Proof. As M is unmixed, dim(R/p) = d for all p ∈ AssM . Let p ∈ SuppM such that dim(R/p) d − 1.
If dim(R/p) = d then p ∈ AssM and hence R/p is unmixed by Theorem 4.1. Let dim(R/p) = d − 1.
Assume that R/p is not unmixed. Then there exists pˆ ∈ Ass(Rˆ/pRˆ) such that dim(Rˆ/pˆ) = k < d − 1.
Since M is unmixed, there exists x ∈ p such that x is M-regular. Since dim(R/p) = dim(M/xM) = d−1,
we get p ∈min(Ass(M/xM)). Because
AssRˆ(Mˆ/xMˆ) =
⋃
q∈Ass (M/xM)
Ass(Rˆ/qRˆ)R
L.T. Nhan, T.N. An / Journal of Algebra 321 (2009) 303–311 311by [Mat, Theorem 23.2(ii)], it follows that pˆ ∈ Ass(Mˆ/xMˆ). As dim(Rˆ/pˆ) = k, we have pˆ ∈
AttRˆ(H
k
m(M/xM)) by [BS, 11.3.3]. From the exact sequence 0 → M x−→ M → M/xM → 0, we get the
induced exact sequence
0−→ Hkm(M)/xHkm(M) −→ Hkm(M/xM) −→ 0 :Hk+1m (M) x −→ 0.
If pˆ ∈ AttRˆ(Hkm(M)/xHkm(M)) then pˆ ∈ AttRˆ(Hkm(M)). Therefore using [BS, 11.3.2] we can check
that pˆ ∈ Ass Mˆ . Hence p = pˆ ∩ R ∈ AssM , a contradiction. So, by the above exact sequence, pˆ ∈
AttRˆ(0 :Hk+1m (M) x). Hence pˆ ∈ Var(AnnRˆ(Hk+1m (M))). Therefore N-dimR(Hk+1m (M))  dim(Rˆ/pˆ) = k by
Lemma 2.4. Note that N-dimR(Hk+1m (M)) k+ 1 by [CN, 3.2]. If N-dimR(Hk+1m (M)) = k+ 1 then there
exists by Lemma 2.4 a prime ideal qˆ ∈ AttRˆ(Hk+1m (M)) such that dim(Rˆ/qˆ) = k + 1. Therefore, us-
ing [BS, 11.3.2] we can check that qˆ ∈ Ass Mˆ . Since M is unmixed, dim(Rˆ/qˆ) = d = k + 1, this give
a contradiction. So N-dimR(Hk+1m (M)) = k. Since dim(Rˆ/pˆ) = k and pˆ ∈ Var(AnnRˆ(Hk+1m (M))), we get
pˆ ∈minAttRˆ(Hk+1m (M)). Therefore p= pˆ∩ R ∈ AttR(Hk+1m (M)) by Lemma 2.2. So
dim
(
R/AnnR
(
Hk+1m (M)
))
 dim(R/p) = d − 1 > k = N-dimR
(
Hk+1m (M)
)
.
Thus Hk+1m (M) does not satisfy the property (∗) by Lemma 2.4, a contradiction. 
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